In this work we study various aspects of supersymmetric three-dimensional higher-derivative field theories.
I. INTRODUCTION
Higher-derivative field theories (the so-called K-theories) have been increasing in importance in recent years. It has been understood that nonstandard derivative terms (higher powers of the first order derivatives as well as higher derivative terms) can emerge in effective field theories in a natural and a rather unavoidable way. As the most famous example of a classical field theory with a higher-derivative term let us mention the Skyrme model [1] , where the usual quadratic term in derivatives (Dirichlet term) must be accompanied by a quartic term (the Skyrme term) or by a sextic term. The Skyrme model has been applied successfully in the study of atomic nuclei and nuclear matter [2] . It plays also an important role in the holographic study of QCD [3] . Furthermore, its low-dimensional analogues have been applied to condensed matter [4, 5] or cosmology [6] [7] [8] . More recently phenomena like K-inflation [9] or K-essence [10] have been described in terms of higher-derivative field theories. K-theories are widely used in cosmology [11] [12] [13] [14] , DBI inflation [15] , Ghost-condensates [16] and compacton models [17] . The last example of such higher-derivative models is provided by Galileon theories [18] [19] [20] [21] [22] [23] [24] [25] , where, despite the fact that higher-derivative terms are present in the action, the equations of motion are at most of second order in derivatives.
Since K-theories can be considered as effective field theories arising at a certain limit of more fundamental ones (see for example [3] and [26] ) one may ask about the fate of the supersymmetry.
Namely, if some of the supersymmetry of the fundamental theory is preserved when such a limit is taken it is natural to consider these effective models in a supersymmetric context. For some years the supersymmetric extensions of these models have attracted the attention of theoretical physicists, namely, SUSY Skyrme-like models [27] [28] [29] [30] [31] [32] [33] , SUSY Ghost-condensates [34, 35] , SUSY Galileons in four dimensions [36] [37] [38] , SUSY k-defects [39] [40] [41] and general higher-derivative field theories [42] [43] [44] [45] [46] [47] .
When higher-derivative terms are present in the action, the theories are frequently accompanied by some "pathology". There are two problems which usually arise in this context: the ghost problem and the appearance of dynamical auxiliary fields.
Due to the Ostrogradski theorem (see [48, 49] ) one can expect a possible appearance of ghost degrees of freedom. However, certain types of K-theories are free from this problem. The principal examples are contained in the following categories: the so-called Skyrme like models, Ghostcondensates [16] and Galileon theories [18] [19] [20] [21] [22] [23] [24] [25] . In the case of SUSY Galileon theories it has been found that the cubic Galileon contains ghost-like states [37] . This unwanted feature can be cured for the quartic Galileon and a ghost-free SUSY version can be constructed in this case [38] .
Another of the peculiarities in SUSY theories is the necessary presence of auxiliary fields F (in the off-shell action), which normally do not correspond to physical degrees of freedom (d.o.f) and can be eliminated algebraically. However, as it was pointed out long ago in [27] , although F shows up algebraically in the bosonic sector, the fermionic sector may contain derivatives acting on F [50] [51] [52] [53] . Let us remark that the fact that F can become dynamical is not necessarily a problem.
In this case the spinor in the supermultiplet must have an extra fermionic d.o.f to balance the bosonic ones (in three dimensions and N = 1 a real superfield contains usually one fermionic and one bosonic). This extra d.o.f. may be of a ghost-like type. In some situations these potentially dangerous terms containing derivative acting on F can be eliminated from the action by adding some extra terms [36, 53] . Recently it has been shown that it is possible to construct a ghost-free SUSY action with propagating auxiliary fields [54] . This is the main goal of the present paper: to analyze these two issues in a more systematic way. Specifically, we want to understand under which circumstances non-standard derivative field theories in three spacetime dimensions (K-models, galileons) lead to supersymmetric extensions with a non-dynamical auxiliary field.
The outline of the paper is as follows. In Sec. II we present several families of supersymmetric actions containing non-trivial bosonic sector to be widely used in the next sections. In Sec. III we restrict these families of theories to those without derivatives acting on the auxiliary field. In Sec.
IV Galileon theories in three dimensions are supersymmetrized. We show that in three dimensions all SUSY Galileon theories are ghost-free (see [37] for a counterexample in four dimensions). Furthermore, these supersymmetric forms do not contain derivatives acting on F (in four dimensions this kind of terms seems to be unavoidable [38] ). We also show a general result about the existence of supersymmetric extensions of scalar theories. In Sec. V we explore the consequence of the presence of F -derivative terms. We show that when these terms appear in the fermionic sector, F can be always eliminated algebraically. In Sec. V.A we discuss the relation between F-derivative terms in the bosonic sector and ghost states. Finally Sec. VI is devoted to our summary. The appendices include useful D-algebra identities and some considerations about the explicit solution for F .
II. SUPERSYMMETRIC HIGHER DERIVATIVE ACTIONS IN 3 DIMENSIONS
The most general N = 1 supersymmetric action in three dimensions involving one real superfield can be written as follows
where Φ is a real scalar superfield
and the operators O i involve n i superderivatives
The spinor indices of the superderivatives can be contracted in different ways but we do not display them in (3) for the sake of notational simplicity. The superderivative is defined by
Besides all possible non-commuting operators constructed in terms of D-operators, it is possible to build commuting ones. Specifically, the number operator corresponding to n i = 0 in (3), or spacetime derivatives, which can be built in terms of anticommutators of D-operators,
We define the order of O i as the number of superderivatives present in (3) 
We define the degree of a product of operators as follows
The degree of the product distinguishes between two situations, namely, if the component
. We can now study the existence of non-trivial bosonic sector in three dimensional supersymmetric Lagragians. Let us assume for simplicity that the Lagrangian (1) consists of one single term (the subsequent analysis applies trivially for the sum),
Due to the properties of the Grassmann integration (31) we can expand (10) in terms of su-
where | means that we set all θ's to zero after differentiation. The degree has the following property
If we set
...
The bosonic sector will be
From here we draw two obvious consequences: 1) or J = ∅ and the bosonic sector is trivial (= 0) or 2) J = I and since in the expansion (11) 
According to the definition (9) we have the following
In particular the bosonic sector is given by
(we see from (12) that the sum above only contains bosonic operators). The second type of Lagrangian has the form
i.e. ∀k ∈ I, k = i, j ⇒ degO k = 0. In this case the bosonic sector contains only one term
The simplest example of type I Lagrangians is the prepotential W (Φ). If we expand W (Φ) in powers of Φ we get
The sum in the right-hand side of (25) is of the form (21) where O i = 1. The simplest example of type II Lagrangians is the supersymmetric non-linear sigma model
The pair of odd operators are 
We can deform this model with a pure fermionic term of the form
The resulting model (L + L d ) has the same bosonic sector of (27) , in components
and therefore
We can multiply any fermionic term with an arbitrary analytic function of the superfields without changing its fermionic character (for example
to an infinite number of SUSY extensions. We call these SUSY models sharing the same bosonic sector "SUSY bosonic twins". We can formulate this result in the following lemma:
Lemma 1 If a three dimensional bosonic scalar model possesses an N = 1 SUSY extension then it possesses infinitely many of them.
The fermionic deformation in (29) leads to higher-derivative terms in the fermionic sector. This is because we have introduced the operators D 2 D α in the superaction. These higher derivative terms can be avoided for example if instead of (28), we introduce
another real superfield (note that when Φ =Φ this term is identically zero). Other interesting feature of (29) is the appearance of terms with derivatives for the auxiliary field, but as we will see later, this does not imply that F becomes dynamical.
III. GENERAL MODELS AND THE AUXILIARY FIELDS
In the previous section we have classified all possible supersymmetric actions with non-trivial bosonic sector. These actions can contain in general higher-derivative terms (in the scalar field φ), but also derivatives acting on the auxiliary field F . The presence of such terms leads in general to propagating auxiliary fields (we will discuss this point in more detail later), and therefore the equation of motion for F could be non-algebraic. From the superfield expression it is easy to see that terms of the form ∂F are generated in the bosonic sector when an operator of the form ∂D 2 acts on Φ after the Grassmann integration. On the other hand, the Grassmann integration is equivalent to the supersymmetric differentiation under the replacement
and therefore it increases the order or the operators O i at most by 2. The first operator ∂D 2 appears at order 4 (see Appendix A) unless the operator is of the form D 2 (A5). We arrive at the following result: the most general Lagrangian of type I not involving F-derivatives in the bosonic sector is of the form
This kind of actions can generate linear terms in ∂F but they can always be eliminated after integration by parts (see the example below). A similar argument restricts the type II Lagrangians to the form
where f (∂) stands for any operator involving only space-time derivatives. It is important to note
Moreover, it is easy to see that L type I ⋆ cannot contain F-derivatives in the fermionic sector. If we want to avoid the proliferation of these terms in the fermionic sector for L type II ⋆ we need an extra constraint on the O i operators
Therefore we do not allow the operators O i to be higher-derivative terms (see the example in Sect. V). The nonlinear σ-model term is again an example of this family. A less trivial example of the supersymmetric extension of type II⋆⋆ models are P (X)-theories in three dimensions [31] (scalar field theories whose kinetic terms are analytic functions of X = −∂ µ φ∂ µ φ). If we define
we have
Finally adding a prepotential
If we choose the coefficients α i such that P (X) = i α i X i the Lagrangian (37) constitutes a supersymmetric extension of the P (X)-theory with potential (the choice W (φ) = 0 corresponds to the pure P (X) since F = 0 is always a solution of the equation of motion of the auxiliary field).
Let us see what happens in the fermionic sector. The unique term potentially involving derivatives on F can be written as follows
Now since C αβ ∂ αβ = 0 holds, only survive one ∂F -term survives, namely
which can be written up to a total derivative as
We have shown therefore that F is also algebraic in the fermionic sector. In Sec. V we will return to the problem of terms ∂F in the fermionic sector.
IV. SUPERSYMMETRIC GALILEONS IN THREE DIMENSIONS
Galileon theories are higher-derivative field models, such that their equations of motion have at most two derivatives acting on the fields. The most general Galileon theory is a combination of the following Lagrangians
In order to make explicit the galilean symmetry
we can integrate by parts (41)- (43) and rewrite the Lagrangians as
In the light of (45)- (47) it is clear that in three dimensions we cannot construct Lagrangians beyond (43) respecting the Galilean symmetry. These theories can be supersymmetrized as type II models as follows
The Galilean shift (44) can be easily supersymmetrized:
In the N = 2 case or in four dimensions this super-Galilean shift has an extra contribution (see [38] ) since it is necessary to take into account the shift of the derivative of the field φ contained in the chiral superfield Φ → Φ + c + b µ (x µ + iθσ µθ ). In three dimensions and N = 1 SUSY the field φ is contained only in the lowest component of the real superfield (2). We have to check now that the superfield Lagrangians are invariant under the super-Galilean shift (51) . Let us start with (48) . The transformation (51) (see Appendix A) implies
where the last term is a total derivative after integration by parts. Now it is easy to see that (49) and (50) 
Since the auxiliary field shows up quadratically in the bosonic sector we can take the solution F = 0 and therefore the Lagrangians (53)-(55) reduce to (41)- (43) . It is important to note that these supersymmetric Galileons are of type II⋆ (not type II⋆⋆), except for the trivial case L S G,2 and this implies in particular that terms with derivatives in F will appear in the fermionic sector. The existence of this kind of terms does not imply necessarily that F is a dynamical field as we will see below. Let us write down the full supersymmetric Lagrangian for L S G,3
The F -derivative term is linear in F , and therefore we can integrate by parts and remove the derivative. We obtain
We can immediately extend this result to the rest of the Galileon actions. This can be seen as follows: when we act with the D 2 operator on the σ-model term (D α ΦD α Φ) we generate a quadratic term in F without derivatives. Now in the higher-derivative part of (49)- (50) 
and the corresponding auxiliary field
In the light of these results we can enlarge our previous families of Lagrangians with extra terms without generating dynamical auxiliary fields (type III). In this case, we allow for the existence of terms of the form ∂F but, as we have seen above, if they appear linearly, they can be eliminated up to a total derivative
where Q αβ is an analytical function of the superfield and space-time derivatives, but not of single become dynamical (see the example in section V.A). Therefore, we assume that in the expression above, after all possible integration by parts the action in a nonlinear function of F .
A. Infinitely many extensions
In the previous section, the super Galileon action has been obtained in the bosonic sector once The proof of this lemma is constructive and provides automatically the supersymmetric extension. Let us start with the following supersymmetric type III Lagrangian
where Λ is an undetermined function depending on Φ and its space-time derivatives and W is a general prepotential. After integration we obtain in the bosonic sector
Solving for F
and then substituting into (62), we obtain
Now, if L g (φ, ∂ µ φ, ...) is a general Lagrangian (non-supersymmetric) we solve Λ for the equation
The Lagrangian (66) constitutes a supersymmetric extension of L g (φ, ∂ µ φ, ...) once we solve the e.o.m. for F (63) with Λ given by (65). It is important to note that the prepotential W (Φ) does not show up in the on-shell bosonic sector (but, of course, contributes to the fermionic sector), therefore any choice of W gives inequivalent supersymmetric extensions with the same bosonic sector (that is why we say infinitely many supersymmetric extensions). In this framework the supersymmetric Galileon models are given by (66) with
are the bosonic Galileon Lagrangians (41)- (43). In Sec. II we have introduced the "SUSY bosonic twin". The existence of infinitely many "SUSY bosonic twins" introduced is Sec. II requires the existence of at least one SUSY version of a given bosonic model (Lemma 1). The result contained in Lemma 2 is stronger in the sense that it implies that all bosonic models have a SUSY extension.
However there is an important difference between the results provided by Lemma 1 and Lemma 2.
In the first case, the infinite family of SUSY extensions is related to the canonical SUSY version of the model (this corresponds to λ = 0 in (29)). In the later, there is no apparent connexion between (66) and its canonical SUSY extension, if any.
V. THE AUXILIARY FIELD PROBLEM
In the previous sections we have discussed general supersymmetric actions which do not contain (up to total derivatives) terms of the form ∂F . Let us assume that the bosonic sector of our action does not contain dynamical terms for the auxiliary field, i.e. F is an algebraic degree of freedom.
Now we want to address the following question: can F become dynamical in the fermionic sector?
It is easy to construct an action with this property, for example
In this case F can be solved algebraically
and therefore does not correspond to any physical degree of freedom. However, in the full action, non-trivial derivative terms are generated for the auxiliary field
The presence of these terms leads to a non-algebraic equation for F . We can write this equation as follows
Since we are considering actions without derivatives of F in the bosonic sector, the parameter ω is fermionic. In order to see why F remains non-dynamical let us start considering a simple example. We assume that the field equation for F can be written in the from
where ω µ is a pure fermionic parameter. We have the following sequence:
where ∂ µνρ... ≡ ∂ µ ∂ ν ∂ ρ .... Due to the fermionic nature of ω µ we have the following identity in three
i.e. all combinations with one repeated index give zero. We assume from now that ω 2 i = 0. In the presence of more Grassmann coordinates, for example in a model with more than one superfield, the nilpotent index for ω µ can be higher, but the process for eliminating F will be still finite. In three dimensions we can have ω 0 ω 1 ω 2 , but the next term added to the product necessarily repeats one index. As a consequence the higher derivative term in (74) does not appear in (71) if we substitute successively (72)-(74). So we need only up to third order terms to solve the equation (fourth order terms are supressed by the combination ω µ ω ν ω ρ ω σ ). If we continue the substitutions the third order terms appear accompanied by ∂ µ ω ν . We have the identity
Therefore after at most ten substitutions the third order terms disappear. The second order terms are accompanied by ∂ µ ω ν . The number of different terms of the form ∂ ν 1 ...∂ µn ω ν is given by
where d is the dimension of the space. This can be straightforwardly generalized if in the original equation enters a tensor of rank N
Since # 3,2 = 18 in at most 19 substitutions all second order terms disappear. As a conseqence no more higher derivative terms are generated this process ends always in a finite number of steps, remaining F non-dynamical. Let us consider now the most general situation. Under our assumption there are no terms with derivatives in F in the bosonic sector. We have
where O i are differential operators and ω i fermionic parameters. We can invert formally the equation
We assume that O 1 = ∂ µ 1 ...µn is the highest order differential operator. Now we determine the sequence
The highest derivative max(S) of F we have to reach in the sequence will be
once we reach this order the equation is "closed" in the sense that no more higher derivative terms are generated. After that, we have to substitute a finite number of times the terms in the sequence (81) until all F derivatives are eliminated. We can state this result in the following lemma
Lemma 3
If the e.o.m. for the auxiliary field F is algebraic in the bosonic sector, it remains algebraic in the full supersymmetric action.
simplest cases, the explicit form of the solution is not very enlightening (see Appendix B). This result can be straightforwardly generalized to four dimensions. In the light of these results we can write down the most general N = 1 without dynamical auxiliary fields
We are assuming again that if we consider (83) as a polynomial in F , it is at least quadratic. Let us consider for example the following model
A simple Hamiltonian analysis leads to four degrees of freedom (two bosonic and two fermionic).
After the replacement
we can rewrite the action as follows
In (86) we identify clearly a ghost degree of freedom (B), and therefore the presence of derivatives in F, in this case, leads to ghost terms. After integrating by parts in (84), we see that F plays the role of a Lagrange multiplier imposing the field equation for φ ( φ = 0). The generalization of this fact is straightforward. Let us take a general single field bosonic action
If the equation of motion for φ in (87) is E(φ, ∂ µ φ, ∂ µν φ, ...) = 0 we have
and therefore the variation with respect to F gives the equation of motion of the field φ in the original theory [55] . The variation with respect to φ gives a differential equation for F . In general, for this kind of models, each supermultiplet contains 4 instead of two degrees of freedom, being two of them (one bosonic and one fermionic) ghost-like.
VI. SUMMARY
In this paper we have studied supersymmetric higher-derivative field models in three dimensions.
First, we have shown how to construct all possible N = 1 models with non-trivial bosonic sector and classified them in two families. By restricting the degree of the operators acting on the supefields we have provided a classification of all models without derivatives acting on the auxiliary field (up to a total derivative). In particular, we have proposed a SUSY formulation of P (X)-theories where F can be eliminated algebraically even in the full theory.
In three dimensions the most general Galileon theory is a linear combination of three terms, namely: the quadratic Galileon (the linear σ-model term), the cubic and the quartic Galileons It is well-known that the SUSY extension of a given bosonic theory is not unique. We have shown that, for scalar field models in three dimensions and N = 1, SUSY versions are not only non-unique, but there are infinitely many possible extensions. Since the proof is constructive, we also have shown how to construct these supersymmetric actions. In particular we were able to build an infinite number of non-equivalent SUSY extensions of the Galileon theories. These extensions do not respect the super-Galileon shift, but they are still free of ghosts.
In all supersymmetric models the auxiliary field plays an important role. In some SUSY models its trivial solution provides the correct bosonic sector but, as we have shown in section IV.A sometimes the non-trivial solution for F gives the correct bosonic sector modifying the kinetic terms (note that usually, for example in nonlinear σ-models with potentials, F does not change the kinetic Lagrangian). One way or another, F can be eliminated algebraically. In the last section
we have discussed what happens when F appears with derivatives in the fermionic sector. At first glance, it might seem that F becomes dynamical, but we have shown that due to the Grassmann nature of the fermionic sector it can be eliminated algebraically. The situation is different when ∂F -terms show up in the bosonic sector. Of course, F can be dynamical (with the appropriate terms). Sometimes this extra degree of freedom is well-behaved [54] , but it can be also a ghost state, as we have seen in several examples.
The role of the auxiliary field in SUSY theories (especially when it becomes dynamical) and its relation to ghost degrees of freedom is under current investigation. 
The spinor superfield (D α Φ) can be expanded as follows
With our conventions we have
Appendix B: Explicit solutions for F : simple examples
As we have seen in Sect. V, the number of steps to close the equation for F grows with the dimension of the space and with the number of derivatives acting on F . The simplest example we can study is the following unidimensional problem
From (82) we have that the maximum order of the derivative in the sequence (81) will be max(S) = 1 (d = 1, n = 1, N = 1). By differentiating in (B1) we obtain
Now, since after substituting in (B1) the term proportional to F ′′ vanishes, the equation is closed. If we repeat the process twice we arrive at the solution
Let us assume now that the field equation for F takes the simple form
If we apply (82) we get max(S) = 2 in two dimensions (d = 2, n = 1, N = 2). This can be immediately confirmed by means of (72)-(73). But even if the equation is closed at order 2, the explicit form for F is extremely large
In order to illustrate how max(S) grows let us take the following equation in four dimensions
In this case, the sequence (81) closes at order max(S) = 84 and as we have seen in the previous examples we have still to substitute derivatives up to 84 order until all terms ∂...∂F are eliminated.
